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INTRODUCTION

By a change of variable, the classical Weierstrass approximation theorem
can be stated as follows.

THEOREM (Weierstrass). Suppose [ is a real valued continuous function
on |0, 00). f(x) e** (u > 0) has a finite limit at x = oo and ¢ > 0. Then there
correspond real numbers c,..... ¢, such that

] i
f(x) N\ C/-e -y < ge ux ¥ } 0.
i JF=0

Our main result, Theorem II (see Section 2), asserts that an analogue of
the above version of the Weierstrass theorem is obtained when the functions
e "% are replaced by the principal solutions e, (x). The function e, (x), for
u > QY2 is defined as the solution of

d \
W = (g(x) + . u(0)=1. u(co)=0 (u'(x):g;u(x)).

Principal solutions are discussed in |1, p. 355|. We assume that g(x) is a
real valued continuous function on 0 < x < oo and that sup ig(x)| =0 < «.
The existence of e, is guaranteed by Lemma 1.1. More precisely, our density
theorem asserts that an approximation

| n i
Sflx)— \_ cieyy (x)| <ee *%, x>0,
i

where A = (u* + Q)"%, is possible for each real valued continuous f on |0, o)
which is o(e™**) as x — 00. We know of no other papers that investigate the
226
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DENSITY OF PRINCIPAL SOLUTIONS 227

density of the linear span of a class of principal solutions. The question of
completeness of eigenfunctions of Sturm-Liouville problems has been exten-
sively investigated, but this question is only remotely related to our problem.

As a major step in the proof of the density theorem, we obtain Theorem I.
which is a representation theorem for e, : it asserts that e, can be represented
in the form

veex)=e7 4" +r K(x,s)e “*ds

for a certain K which depends on ¢ but not on g (7, is a positive constant}.
Marcenko |2, Lemma 1.1.1] obtains a similar representation in a different
setting by clever use of an identity that frees K from the parameter u. The
use of an analogous identity is a major step in our proof.

I. THE REPRESENTATION THEOREM

In this section we establish the existence and elementary properties of the
principal solutions e, in Lemma 1.1 and we prove the representation theorem
for e, . Theorem L.

LEmMmA 1.1.  Let g(x) be a real valued continuous function on 0  x < o0
such that Q =sup |q(x)| (x>0) is finite. For each u> QY. the boundary
value problem

u'=(g+uu,  u0)=1 wu(w)=0
has a unique solution, which we denote by e, (x), 0 < x < co. Furthermore, (i)

e (x) >0, (ii) e, {x) <0, and (iii) e, (x) = O(e™"™") as x - oo for each 0 <r <
(‘u2 o Q)l,"Z.

The proof of the lemma will be based on the following two lemmas.

LemMma 1.2. Suppose P(x) is a real valued continuous function on
O0<x <o such that P(x)>0. If u"=Pu, u(0)=1, &' (0)=1, then (i)
wix)>1, (i) wx)>1+x (i) [©(1/u*(x))dx < oo and (iv) u'(x) is
nondecreasing.

LEMMA 1.3. Let P,u be as in Lemmal2 and let uyx)=
u(x) [ (1/u*(t)) dt. Then (i) u, is a solution of W' = Pu, (ii) u,(x) > 0, (iii)
uy(x) <0 and (iv) uy(x) < (1 + x)/ulx).

For Lemma 1.3, (i)-(iii) are easily verified. For (iv), first note that u(x) —
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u(0) = i" ‘(1) dt < xu'(x), since ¥’ 15 nondecreasing. Thus, u,{x) < («(0) +
N (o) T (M utyde < (L4 x)w () 170 (Lwdyde < (1 +x) 1% (' jud)de =
(1 +.\)/u(» ).

Now to prove Lemma 1.1 we let u and u, be defined as above for P :-
g+ u2 We define e, (\) as (uy(0)) " u,(x). It is easily shown that for each
0<r<(u~ o). 24 r)e™/2r 4+ (r—1)e ™/2r. since g +u* > r.
The lemmd now t"ollows from Lemma 1.3

TueoreM [ Let gq. O and e, be as in Lemma 1.1. There exists a
JSunction K(x.s) which satisfies the following conditions.

(1) K(x,s)is real valued and continuous on 0 < x. 5 < o0.

(2) Kix.s)=0 for x >s.

(3) Foru> Q" and u continuous and O(e ‘“) (i) the integral v(x) -
17 K(x.s)u(s)ds converges absolutely for each x > 0. (i) v is continuous.
(ii1) sup iv(x ) L Csup, |, ul(x)| ()“‘, where o = (,u2 ~ Q) and C=(l
[Q2u(u + (- Q)l S

4y Foru>Q"°

Tedx)=e ‘“+J K(x.s)e **ds.

where 1, is a ionzero constant which depends on u.

If we combine (iii) and (iv) of the theorem, we get the following corollary,
which strengthens (iii) of Lemma [.1,
CoROLLARY 1.1. For u> Q"% e (x) is Ofe °%) as x » oo, where « =

(-
Proof of Theorem 1. For any complex number u, the Volterra integral
equation
u(x) —ae “% 4 bet* +{,\‘ (2#) l(eu(,\' 0 o uix ”)({(1) ult) de

0

has a unique solution which is also the unique solution of the initial value
problem

= (g + u")u. u(0) = u + b, w'(0) = -ua + ub.

From now on we let 4 > Q"*. Thus.

e fx)y=a,e “"+bue“"'+JJ (2u) '(e*' " e Y Tyglryer)dl, (1)
0
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where

a, +b, =1
—ua, + ub, = €,(0).

Since the integral |¥ e “‘q(t)e,(t)dr converges absolutely, we can rewrite
Eqg. (1.1) as

e () =a e Mt e (bu + " [ e () eumdz)
0

- (2;1)*‘{” e U g(r) e, (1) d. (1.2)

0

The term in Eg. (1.2) that is a constant multiple of e** must be O since all
other terms in the equation tend to O as x tends to oo. Thus,

a,=1->b,.

b=~ Qw7 e gl e, 0)
0]

e.(¥)=a,e fj (2u)~ " e H1¥tig(r) e (1) dt.
1]

Let K, denote the kernel
K, (x, 1) = (2u)~ " e #¥1g(r), 0<x, 1< oo,
K, the corresponding operator on functions, and || K, || the operator norm for

the function space L |0, o0). It is known that for a general continuous kernel
K.

IRI=sup["[K(xsyax  (s>0)

From this, Eq. (1.3) and the fact that |e,(x) < 1. we conclude that

IR <Qu2 <1, a,>1—0Q/2ut>}

o 1.4
(a,) 'e)=e *+ N (1)K, e . u>Q" (14

ne 1

where the series converges in the form of L]0, o).
We will now obtain the kernel K of the theorem by showing that
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Roye =i

P K,(x,s)e “ds for some K, (independent of ) and then
defining K as 3 (—

DK, (n=1,2..). For n=1.2....

(K~u)”() u.\:(z‘u) nfe wix /,,‘q([”)e—u\/” ty ,3q(1n ‘)

X e ull:r[llq(tl)e ulld{l"'d[n‘ (15)
where the integration is over the set 1; > 0. j = ... n. If we use the formula
u e B =1(n) ‘f (s - h)" ‘e ™ ds, h=0, n=1,2..

h

then the right side of Eq. (1.5) becomes

2 ”J [1‘(11)‘} (s—hx—t,]+ - +4]) e *ds

L O L

X(](fl)"'([([,,)d[]"'df”- (16)

We define K, (x,s) as the kernel obtained by formally interchanging the
order of integration in (1.6): that is, we define K, as follows. For x <.

K, (x.5) = (2" (n)) ‘j [s— (lx = t,1+ -+ £,)]" "
7

X q(ll) q([n) d[l dtn‘
where 7, is the set of n-tuples (¢,....¢,) such that (i) s>|v—1, 4
‘M, — 1, i+ -+t and (ii) t, 2 0,.., 1, 2 0; and, for x > 5. K, (x,5)=0.
We need the following properties of K ,.

Lemma 1.4, (i) K, {(x,s) is continuous.
(ii) K, (x,5)=0 for x >s.
(i) (K)'e “*={*K,(x,s)e “*ds.

Properties (i) and (ii) are clear from the definition of K,. To prove (iii) we
note that since the integral in Eq. (1.5) is absolutely convergent and the
integrand of the inner integral in (1.6) is nonnegative, the integral in (1.6} is
also absolutely convergent. Thus, the order of integration in (1.6) can be
interchanged. This proves (iii).

The crude bound

K, (x, )| < (2T(n))" " Q"(s — x)" '(2s5)", n=1,2.. (1.7)
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follows from the definition of K, when we note that for (¢ ...¢,) in T .
s 2|x =] for j=1,2...n Thus, the series

\_ (—1)" K (x.5) (1.8)

3

converges absolutely. We define K(x, s) as the sum of this series. The bound
(1.7) also shows that the series converges locally uniformly; this, together
with (i) and (ii) of Lemma 1.4, establishes (1} and (2) of Theorem L. For (i)
and (ii) of (3), first consider the series

S

N (—1)”]’ K, (x.5) u(s) ds. (1.9)

n-1 X

For M > x, the crude bound (1.7) shows that

Jf : K, (x,s)u(s)| ds < C, JT gt g,
M

M

This estimate shows that the integral

Jm K, (x.s)u(s)ds (1.10)

X

converges absolutely and uniformly for x in any finite interval as the upper
limit of the integral —»co. This and the fact that K, is continuous shows that
(1.10) is continuous. Let K, , denote K, in the case g=Q (g is fixed
throughout this proof). Clearly, |K,(x,s)| <Ky, (x.s). If we apply
Lemma 1.4(iii) to K, , and then bound the left hand side of Lemma 1.4(iii)
by estimating the integral (corresponding to g= Q) in Eq.(1.5) as an
iterated integral, we obtain

[ Ko alxsye™ ds < (Qfu)

X

Thus, the absolute value of the nth term in the series (1.9) is dominated by
(Q/u*)" | ull,, where, for convenience in the remainder of the proof, ||ulj,
denotes sup |u(x)e**| (x > 0) for any real valued continuous function u on
[0, 00). Since Q/u* < 1, the series (1.9) converges uniformly; and, since the
nth term of the series is continuous, the sum of the series is continuous. Since

(X &) u)

n-—1

oG
<N Ky (xs) u(s)] for m=1,2,.

nd
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and the latter has a finite integral over |x, co) by what we showed above.
together with the Montone Convergence theorem. we conclude from the
Dominated Convergence theorem that the series in (1.9) is ¢v(x) = ‘1': Kix.s)
u(s)ds. We have now proved parts (i} and (it) of (3).

Note that the estimates above only show that o(x)] < (X (Q/u™)") |julj,-
which is not good enough for (iii) of (3). We will now prove (iii). Let H, and
H, denote K, and K. respectively. for the case g = --Q. If we note that
|K, (x.5) < (—1)"H (x.5) and apply Lemma 1.4(iii). we obtain the following
inequalities:

‘
.t

' K(x.s) u(s) ds < }_ f (K, (x.8)u(s) ds
vX ol Ty

H (x.s)e ‘“ds) lul, (1.11)

g (e wx + l‘ ( l)n(ﬁ")ne u.\v) HI,(‘;'“.

no

From (1.4), using the case g = —(Q, we have

e,ux+ : (771);1(ﬁu)n€ “’:(a“) IC’ ax (112)

n=1

where the series converges and the identity holds in the norm of L]0, «0)
(a, corresponds to g = —(). However, since —H, has a positive kernel. so
does (wﬁu)". Thus, the series in (1.12) is pointwise increasing. We can now
conclude that (1.12) holds a.e. Combining (1.11) and (1.12), we obtain the
inequality in (3)(iii) of Theorem I. Using the formula (1.3) for a, we obtain

a,=1-10/2u(u+ (u"— Q)]

We have proved (iii).

To prove (4) we first note that in (1.4) a, # 0 and that (1.4) holds as an
identity in the space L,|0, co). However, we know that e, is continuous on
[0, c0). We also know that

(K,)e ‘”:J’[ K,(x.5)e * ds. (1.13)

the integral of the right hand side of (1.13) is continuous (the proof follows
(1.10)), and the series on the right hand side of (1.4) converges uniformly
(because of the inequality following (1.10)). Thus, we conclude that (1.4)
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holds as an equality between numbers for each x. To complete the proof of
(4) it suffices to show that

et N1y K(nsre ds= T+ R)e T (L14)

n.1

for each x > 0. For a given x. we know that the sequence

m

N(=I) K (xs)e . o m= 1.2, (1.15)

n-t

converges pointwise to K(x,s)e ' by the definition of K. However. the
inequality following (1.10) shows that the sequence (1.15) has a dominating
function in L,|x, 00). Thus, (1.14) holds for each x by the Lebesgue
Dominated Convergence theorem.

2. THE DENsITY THEOREM
In this section we prove the following density theorem.

THEOREM 1. Let q, Q and e, be as in Lemma 1.1. Given that u > Q"°. f
is a real valued continuous function on |0, ), f{x) =o0(e ") as x - w. and
¢ > 0. there correspond real numbers ¢, c,....,c, such that

S =N ciey, (x) | <ee * x>0,
j-0

where 4 = (u* + Q)2

Note. We have already pointed out in Corollary 1.1 that each e, ; is
0(6 ux),

Proof. We assume throughout that g > Q"?. For each pair of real
numbers (a,b), 0 <a <b < oo, we define a corresponding function w as
follows: w(t) =1, 0t <a; w(t)=0, t > b; on a<t<b, wt) is linear and
w(a) =1, w(b)=0. Let K correspond to g as in Theorem I. We define the
kernels K, by: K,(x,)=K(x, t) w(t). In the first part of the proof w is
arbitrary; a particular choice of w will be made later. For convenience. we
will let £, (u > 0) denote the space of real valued continuous functions f(x)
on 0 < x < oo for which

sup [f(x) e (x>0)
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is finite and we let || /}f, denote this sup. For any kernel function K(x. s) we
let K denote a corresponding operator on a function space.

Before continuing with the proof of the theorem, we will establish three
lemmas.

Lemma 2.1, K, is a bounded linear operator on F,.

Lemma 2.2, As an operator on E . I + K, has a bounded inverse.

To prove Lemma2.l. take u > Q" and f€E,. Clearly K. fis a
continuous real valued function and K /= K(wf). Let 4 = (u* + Q)% Note
that 4 > u. For x < b,

) SIS e “ sl e et o
and. for x > b. w(x) f(x)=0. Thus,
iy <ett W0,

Hence,

IR Sl = 1Bwf e S Cliwf il < Cet 211,

where C corresponds to 4 and Q as in Theorem L. Since K is clearly linear.
we have proved Lemma 2.1.

To prove Lemma 2.2, let f€ £, . Using the usual estimates for Volterra
type integral operators, we obtain

I(K,)" f(x)i < (1/ny M™(b — x)" /1. 0<xgb
where M = sup | K(x, 1)] (0 < x <1< b). In particular,
(K, )" SO0 < (1/n)(MbY [ f1], e*"e .
Hence. corresponding to the function space £, . the operator norm

(K07 < (1t {MbY e=?.

n

This shows that the Neumann expansion > 2 ((—K )" converges in the
operator norm; and, hence, it converges to the inverse of 7+ K. So
Lemma 2.2 is proved.

LEMMA 2.3.  Given that f is a real valued continuous function on |0, o),
S(x)=o0(e ™) as x> o0, and € > 0. there corresponds a w (that is. a choice
of a, b) such that ||(1 —w)gll, <&, where g is the solution of f= (I + K ) g.

Proof. We first note that (1 —w)g =0 for 0 <x < a. Choose » >0 so
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that | f(x)| < ee %, x > r. This and the fact that (1 —w) g =ffor b { x show
that

(1 —w)g| <ee ™, x > max(b, r).

We must now estimate (I — w) g for a < x < b. But.

B0 =/ + N (RS

Using the same argument as above, we obtain
(K" f() < (/n)yM"(b—x)"B,  a<x<b

where B = sup | f(x)| (a < x < b) and M is the same as above. Thus,

\° l(—Izw)"f(x)I <embfa)8e—ua
1

n=

L eMb~Dgprtb-Dp—ux if r<agx<b.

If we first choose & > r, then choose a so that r <a and (M + u)(b —a) <1
(recall that M depends on b but not a), then combine the above estimates we
obtain

(1 —w)g| < (1 +e)ee ™, x>0,

This completes the proof.

We now continue with the proof of Theorem II. Suppose f, # and ¢ satisfy
the hypothesis. Let A = (4> + Q)% For any choice of w, there is a g in E,
such that

f=g+K,.g=0—-wyg+ (I +K)wg (2.1)
By Lemma 2.3 we can choose w so that
(1 —w)gll, <e. (2.2)

Since wg =o(e **) as x— co, by the Weierstrass theorem, there are real
numbers by, b, ,..., b, such that

lwg —hll, <e,
where A(x) = b;e” **)* (j=0,.., n). By Theorem I,
(I+I€)h:icje,“j (j=0,..., n),

640/30/3.6
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where ¢; = b,7,, ; and

(1 + K)wg — M), < eC. (2.3)

where C depends only on u. The conclusion of the theorem now follows by
combining (2.1), (2.2) and (2.3).

Remark 2.4. The Weierstrass theorem and Theorem II above show that
for u > Q" and A= (u*+ Q)"?, the sets §, ={e ““* "~ j=0,1.2,..} and
S,=1{ey,;: j=0, L.} both have a dense linear span in X, the real valued
continuous functions which are o(e “*). However, these sets may be quite
independent. For example. we can show the following: Suppose that in
addition to the assumptions of Theorem II, g also satisfies Q =1, g(x)=0
on 3 <x <4 and q(x)=1 for x> 2. Then only the zero function is common
to the linear span of both S, and §,. In fact, one can show that

r

Noge =N ey (x) (2.4)
1

= K-
where 4y, <y < -~ and A <4, <4, <., is possible only if all coef-
ficients a; and b, are zero. If we differentiate (2.4) 2m times near x =1
(where g = 0), we obtain
: a;(—u;)" e = }_ bi(A)™" ey,(x) (2.5)
for x ner 1 and for m =1, 2..... Since we may assume all coefficients a, and
b, are #0 and since e, (1)#0 (see Lemma l.1), we can conclude, in
particular, that 4, =4,, g, =4,..... On the other hand, e, (x) is a positive
multiple of exp(—(1 +4)V’x) on 2 < x < co. Therefore, by considering
growth rates as x— +oo for both sides of (2.4), we conclude that u, =
(1 + A2)Y2; this and u, = 4, is impossible.
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